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EQUIVALENT CHARACTERIZATIONS OF HYPERBOLIC
HO¨LDER POTENTIAL FOR INTERVAL MAPS
HUAIBIN LI
Abstract. Consider a topologically exact C3 interval map without
non-flat critical points. Following the works we did in [9], we give two
equivalent characterizations of hyperbolic Ho¨lder continuous potential in
terms of the Lyapunov exponents and the measure-theoretic entropies
of equilibrium states for those potentials.
1. Introduction
The thermodynamic formalism of smooth dynamical systems was initi-
ated by Sinai, Ruelle, and Bowen [3, 14]. For a uniformly hyperbolic diffeo-
morphism acting on a compact manifold of arbitrary dimension, they gave a
complete description for Ho¨lder continuous potentials. There have been sev-
eral extensions of these results to one-dimensional maps, that go beyond the
uniformly hyperbolic setting. The lack of uniform hyperbolicity is usually
compensated by an extra hypothesis on the potential. For example, there is
a wealth of results for a piecewise monotone interval map f : I → I and a
potential ϕ of bounded variation satisfying supI ϕ < P (f, ϕ), where P (f, ϕ)
denotes the pressure, see for example [2, 4, 6, 8] and references therein, as
well as Baladi’s book [1, §3]. Most results apply under the following weaker
condition:
For some integer n ≥ 1, the function Sn(ϕ) :=
∑n−1
j=0 ϕ ◦ f
j satisfies
supI
1
nSn(ϕ) < P (f, ϕ).
In what follows, a potential ϕ satisfying this condition is said to be hyperbolic
for f .
In this paper, our goal is to give equivalent characterizations of hyperbolic
Ho¨lder continuous potentials for interval maps. In [7] the authors gave char-
acterizations of hyperbolic Ho¨lder continuous potentials for rational maps.
Here we want to extend this result to interval maps in order to refer in fu-
ture. In order to state our main result, we briefly recall some concepts from
thermodynamic formalism, see for example[11] for background.
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Let (X,dist) be a compact metric space and T : X → X a continuous
map. Denote by M(X) the space of Borel probability measures on X en-
dowed with the weak* topology, and by M(X,T ) the subspace of M(X) of
those measures that are invariant by T . For each measure µ in M(X,T ),
denote by hµ(T ) the measure-theoretic entropy of µ. For a continuous func-
tion ϕ : X → R, denote by P (T, ϕ) the topological pressure of T for the
potential ϕ, defined by
(1.1) P (T, ϕ) := sup
{
hµ(T ) +
∫
X
ϕ dµ : µ ∈ M(X,T )
}
.
A measure µ in M(X,T ) is called an equilibrium state of T for the poten-
tial ϕ, if the supremum in (1.1) is attained at µ.
Given a compact interval I of R, and a differentiable map f : I → I, a
point of I is critical if the derivative of f vanishes at it. Denote by Crit(f)
the set of critical points of f . A differentiable interval map f : I → I is
of class C3 with non-flat critical points, if it has a finite number of critical
points and if:
• The map f is of class C3 outside Crit(f);
• For each critical point c of f there exists a number ℓc > 1 and
diffeomorphisms φ and ψ of R of class C3, such that φ(c) = ψ(f(c)) =
0, and such that on a neighborhood of c on I, we have
|ψ ◦ f | = |φ|ℓc .
Throughout the rest of this paper, fix a compact interval I of R and let A
denote the collection of interval maps f : I → I of class C3 with non-flat
critical points. For an interval map f of A , denote by | · | the distance
on I induced by the norm distance on R. Besides, for a subset W of I we
use |W | to denote the diameter ofW with respect to | · |. For each measure µ
in M(I, f), denote the Lyapunov exponent of µ by
χµ(f) :=
∫
X
ln |f ′|dµ.
In what follows, we say that f is topologically exact if for every open
subset U ⊂ I there is n ≥ 1 such that fn(U) = I. The main result of this
paper is following:
Theorem 1. Let f : I → I be an interval map in A . If f is topologically
exact. Then for every Ho¨lder continuous potential ϕ : I → R, the following
properties are equivalent:
1. The potential ϕ is hyperbolic for f ;
2. The measure-theoretic entropy of each equilibrium state of f for the po-
tential ϕ is strictly positive.
3. The Lyapunov exponent of each equilibrium state of f for the potential ϕ
is strictly positive.
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Remark 1.1. The equivalence of properties 1 and 2 of Theorem 1 is part
of Proposition 3.1 of [7], although we give the proof for the reader’s conve-
nience. On the other hand, recall that a map f in A satisfies the Topological
Collet-Eckmann Condition, if there is a constant χ > 0 such that for every ν
in M(I, f) we have
∫
I ln |f
′| dν ≥ χ, see [12] for other equivalent formula-
tions. Let f be a topologically exact map in A that satisfies the Topological
Collet-Eckmann condition, then every Ho¨lder continuous potential is hyper-
bolic for f, see also [9] for another proof.
1.1. Acknowledgments. The author would like to thank Juan Rivera-
Letelier for his useful discussions and helps.
2. A reduction
In this section, we state first our main technical result as the “Key
Lemma”, whose proof occupies §§3.1, 3.2, and then we derive our Theo-
rem 1 from it. In what follows, for each function ϕ : I → R and each
integer n ≥ 1, put
Sn(ϕ) := ϕ+ ϕ ◦ f + · · ·+ ϕ ◦ f
n−1.
Key Lemma. Let f be a map in A that is topologically exact and let ν be
an invariant ergodic probability measure whose Lyapunov exponent is strictly
positive. Then for every Ho¨lder continuous function ϕ : I → R, there is a
set of full measure of points x0 such that
lim sup
n→∞
1
n
log
∑
y∈f−n(x0)
exp (Sn(ϕ)(y)) >
∫
I
ϕ dν.
The following lemma is useful for the proof Theorem 1.
Lemma 2.1 (Lemma 2.8, [9]). Let f be a map in A that is topologically
exact, and let ϕ : I → R be a continuous function. Then for every point x0
of I, we have
P (f, ϕ) ≥ lim sup
n→∞
1
n
log
∑
y∈f−n(x0)
exp(Snϕ(y)).
Proof of Theorem 1 assuming the Key Lemma. First, to prove the implica-
tion 1 ⇒ 2, assume that ϕ : I → R is a hyperbolic potential for f and
let ν be an equilibrium state of f for the potential ϕ. Then there is an
integer n ≥ 1 such that supI
1
nSn(ϕ) < P (f, ϕ) and
P (f, ϕ) = hν(f) +
∫
I
ϕ dν.
Since ν is invariant measure for f , we have∫
I
Sn(ϕ) dν =
n−1∑
i=0
∫
I
ϕ ◦ f i dν = n
∫
I
ϕ dν.
4 HUAIBIN LI
It follows that
hν(f) = P (f, ϕ)−
∫
I
ϕ dν = P (f, ϕ)−
1
n
∫
I
Sn(ϕ) dν
≥ P (f, ϕ)− sup
I
1
n
Sn(ϕ) > 0.
The implication 2 ⇒ 3 is a direct consequence of the following Ruelle’s
inequality: max 2{χν(f), 0} ≥ hν(f) > 0, see for example [11, 15].
It remains to prove the implication 3⇒ 1. First, as the proof of [9, Main
Theorem] without changes, we have
(2.1) lim sup
n→∞
(
sup
I
1
n
Sn(ϕ)
)
≤ sup
ν∈M(I,f)
∫
I
ϕ dν.
To prove that ϕ is hyperbolic for f , let ν0 be an invariant probability mea-
sure maximizing the function ν 7→
∫
I ϕ dν. Then for almost every ergodic
component ν ′0 of ν0, we have
∫
I ϕ dν
′
0 =
∫
I ϕ dν0. Thus, the Key Lemma
applied to such a ν ′0, together with Lemma 2.1 implies
P (f, ϕ) >
∫
I
ϕ dν ′0 =
∫
I
ϕ dν0 = sup
ν∈M(I,f)
∫
I
ϕ dν.
Together with (2.1), this implies that ϕ is hyperbolic for f and completes
the proof of Theorem 1. 
3. Proof of the Key Lemma
In this section, we construct first an “Iterated Multivalued Function Sys-
tem”, and then use it to prove our Key Lemma.
3.1. Iterated Multivalued Function Systems. This subsection is de-
voted to the construction of an “Iterated Multivalued Function System”,
which is the main ingredient in the proof of the Key Lemma. It is stated as
Proposition 3.1, below.
Let f be a map in A . Given a compact and connected subset B0 of I, a
sequence multivalued functions (φl)
+∞
l=1 is an Iterated Multivalued Function
System (IMFS) generated by f , if for every l there is an integer ml ≥ 1, and
a pull-back Wl of B0 by f
ml contained in B0, such that
fml(Wl) = B0 and φl = (f
ml |Wl)
−1.
In this case, (ml)
+∞
l=1 is the time sequence of (φl)
+∞
l=1 , and (φl)
+∞
l=1 is defined
on B0. Note that for each subset A of B0 and each l, the set φl(A) :=
f−ml(A) ∩Wl is non-empty.
Let (φl)
+∞
l=1 be an IMFS generated by f with time sequence (ml)
+∞
l=1 ,
defined on a set B0. For each integer n ≥ 1 put Σn := {1, 2, · · · }
n and denote
the space of all finite words in the alphabet {1, 2, . . . , } by Σ∗ :=
⋃
n≥1 Σn.
For every integer k ≥ 1 and l = l1 · · · lk in Σ
∗, put
|l| = k, ml = ml1 +ml2 + · · ·+mlk and φl = φl1 ◦ · · · ◦ φlk .
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Note that for every x0 in B0, and every pair of distinct words l and l
′ in Σ∗
satisfying ml = ml′ , we have the following property:
(*) If the sets φl(x0) and φl′(x0) intersect, then they coincide.
The IMFS (φl)
+∞
l=1 is free, if there is x0 in B0 such that for every pair of
distinct words l and l′ in Σ∗ such that ml = ml′ , the sets φl(x0) and φl′(x0)
are disjoint.
Proposition 3.1. Let f be an interval map in A that is topologically exact.
Let ϕ : I → R be Ho¨lder continuous, t ≥ 0 and put ψt := ϕ−t ln |f
′|. Let ν be
an ergodic invariant probability measure that is not supported on a periodic
orbit and that has strictly positive Lyapunov exponent. Then there exists a
subset X of I of full measure with respect to ν, such that for every point x0
in X the following property holds: There exist D in (0,+∞), a compact and
connected subset B0 of I containing x0, and a free IMFS (φl)
+∞
l=1 generated
by f with time sequence (ml)
+∞
l=1 , such that (φl)
+∞
l=1 is defined on B0, and
such that for every l and every y in φl(B0) we have
(3.1) Sml(ψt)(y) ≥ ml
∫
ψt dν −D.
The idea of the proof of this proposition is similar to the proof of [9,
Proposition 3.1]. Its proof, depending on several lemmas, is given at the
end of this subsection.
We proceed first to recall the natural extension of f . Let Z− denote the
set of all non-positive integers and endow
Z :=
{
(zm)m∈Z− ∈ I
Z− : for every m ∈ Z−, f(zm−1) = zm
}
with the product topology. Define T : Z → Z by
T ((· · · , z−2, z−1, z0)) = (· · · , z−2, z−1, z0, f(z0))
and π : Z → I by π((zm)m∈Z−) = z0. Note that T is a bijection, T
−1
is measurable, π is continuous and onto, and π ◦ T = f ◦ π. If ν is a
Borel probability measure on I that is invariant and ergodic for f , then
there exists a unique Borel probability measure ν˜ on Z that is invariant and
ergodic for T , and that satisfies π∗ν˜ = ν, see for example [11, §2.7]. We
call (Z, T, ν˜) the natural extension of (I, f, ν).
The following is a well-known consequence of the pointwise ergodic theo-
rem, see for example [10, Lemma 1.3] for a proof.
Lemma 3.2. Let (Z,B, ν˜) be a probability space, and let T : Z → Z
be an ergodic measure preserving transformation. Then for each function
φ : Z → R that is integrable with respect to ν˜, there exists a subset Z of Z
such that ν˜(Z) = 1, and such that for every z in Z we have
lim sup
n→∞
n−1∑
i=0
(
φ(T i(z))−
∫
Z
φ dν˜
)
≥ 0.
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We need the following lemma which is a version of Ledrappier’s unstable
manifold theorem, see [5] for the proof.
Lemma 3.3 (Theorem 16, [5]). Let f be an interval map in A . Suppose ν in
M(I, f) has strictly positive finite Lyapunov exponent. Denote by (Z, T, ν˜)
the natural extension of (I, f, ν). Then there exists a measurable function α
on Z such that 0 < α < 1/2 almost everywhere with respect to ν˜, and such
that for ν˜-almost every point y in Z there exists a set Vy contained in Z
with the following properties:
1. y is in Vy and π(Vy) = B(π(y), α(y)).
2. For each integer n ≥ 0, fn : π(T−n(Vy))→ π(Vy) is diffeomorphic.
3. For each y′ in Vy,
+∞∑
i=0
∣∣log |Df(π(T−i(y′)))| − log |Df(π(T−i(y′)))|∣∣ < log 2.
4. For each η > 0 there is a measurable function θ on Z with 0 < θ < +∞
almost everywhere with respect to ν˜, and such that
1
θ(y)
exp(n(χν − η)) ≤ |Df
n(π(F−n(y)))| ≤ θ(y) exp(n(χν + η)).
In particular,
|π(T−n(Vy))| ≤ 2θ(y) exp(−n(χν − η)).
Lemma 3.4. Let f : I → I be a map in A , ν an invariant ergodic proba-
bility measure with strictly positive Lyapunov exponent, ϕ : I → R a Ho¨lder
continuous, and t in R. Then there exists a subset X ′ of I of full measure
with respect to ν, such that the following holds. For every point x of X ′
there exist ρx > 0, D
′ > 0 and a strictly increasing sequence of positive in-
tegers (nl)
+∞
l=1 such that for every l ≥ 1 we can choose a point xl in f
−nl(x)
and a connected component Wl of f
−nl(B(x, ρx)) containing xl so that:
1. xl+1 is in f
−(nl+1−nl)(xl).
2. Let ψt := ϕ− t ln |f
′|, then for every point y in Wl,
Snl(ψt)(y) ≥ nl
∫
I
ψt dν −D
′.
3. liml→+∞ |Wl| = 0.
Proof. Let (Z, T, ν˜) be the natural extension of (I, f, ν), and note that ν˜
is also ergodic with respect to T−1. Applying Lemma 3.2 for T−1 to the
integrable function φ = ψt ◦ π = (ϕ − t ln |f
′|) ◦ π, we obtain that there
exists a subset Z of Z of full measure with respect to ν˜, such that for every
point (zm)m∈Z− in Z we have
(3.2) lim sup
n→∞
n−1∑
i=0
(
ψt ◦ π
(
T−i
(
(zm)m∈Z−
))
−
∫
Z
ψt ◦ π dν˜
)
≥ 0.
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Taking a subset of Z of full measure with respect to ν˜ if necessary, by
Lemma 3.3 we can assume that there is function α : Z → (0, 1/2) such
that Z and α satisfy the assertions of Lemma 3.3. Since the set X ′ := π(Z)
satisfies ν(X ′) = ν˜
(
π−1(π(Z))
)
≥ ν˜(Z) = 1, we have ν(X ′) = 1.
It remains to verify that X ′ satisfies the desired properties. Fix a point x
in X ′ and choose a point (zm)m∈Z− of Z such that π
(
(zm)m∈Z−
)
= x.
Let V(zm)m∈Z− be given by Lemma 3.3 for the point (zm)m∈Z− , and put
ρx := α((zm)m∈Z−). Moreover, for each integer j ≥ 1 put
yj := π
(
T−j
(
(zm)m∈Z−
))
= zj ∈ f
−j(x),
and Uj := π
(
F−j(V(zm)m∈Z− )
)
. By parts 1 and 2 of Lemma 3.3 we know
that for every integer j ≥ 1, Uj is the connected component of f
−j(B(x, ρx))
containing yj and f
j : Uj → B(x, ρx) is diffeomorphic. On the other hand,
by parts 3 and 4 of Lemma 3.3 there exist C ′ > 0 and λ > 1 such that for
every n ≥ 1 we have |Un| ≤ C
′λ−n and for every pair of points x, y in Un
(3.3)
1
2
≤
|(fn)′(x)|
|(fn)′(y)|
≤ 2.
Since ϕ is Ho¨lder continuous, we have that there is C˜ > 1 such that for
every n ≥ 1 and every pair of points x, y in Un
(3.4) |Sn(ϕ)(x) − Sn(ϕ)(y)| ≤ C˜.
Fix D′′ > 0. Then by (3.2) there is a strictly increasing sequence of positive
integers (nl)
+∞
l=1 such that for every integer l ≥ 1, we have
(3.5)
nl−1∑
i=0
ψt◦π
(
T−i
(
(zm)m∈Z−
))
≥ nl
∫
Z
ψt◦π dν˜−D
′′ = nl
∫
I
ψt dν−D
′′.
Therefore, if for each integer l ≥ 1 put xl := ynl and Wl := Unl , then
parts 1 and 3 are direct consequences of the definitions, and part 2 follows
from (3.3), (3.4) and (3.5) with D′ = D′′+C˜+t ln 2. The proof is completed.

Lemma 3.5. Let f be an interval map in A that is topologically exact,
and x0 a interior point of I. Then for every open interval U ⊂ I, and
every sufficiently large integer n ≥ 1, there exist two distinct points y1, y2
of f−n(x0) in U such that the following hold.
1. For every ε > 0 both of sets fn(B(y1, ε)) and f
n(B(y2, ε)) intersect
(x0,+∞).
2. For every ε > 0 both of sets fn(B(y1, ε)) and f
n(B(y2, ε)) intersect
(−∞, x0).
Proof. We only give the proof of part 1, and the proof can be applied to
part 2 without changes. Let U1 and U2 be two disjoint open subintervals
of U. Using that f is topologically exact, we know that there is an integer
N ≥ 1 such that for every n ≥ N we have fn(U1) = I and f
n(U2) = I. Fix
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n ≥ N . Note that the set f−n(x0) is finite, and there are points z1 ∈ U1
and z2 ∈ U2 such that f
n(z1) and f
n(z2) are in (x0,+∞). For each i = 1, 2,
let yi be a point of f
−n(x0) in Ui such that for every y
′ of f−n(x0) in Ui we
have |yi − zi| ≤ |y
′ − zi|.
Now let us prove the lemma holds for such y1 and y2. Obviously, y1 and y2
are distinct. To prove that for every ε > 0 the set fn(B(y1, ε)) intersects
(x0,+∞), by contradiction, there is ε0 ∈ (0, |y1−z1|) such that f
n(B(y1, ε0))
is contained in (−∞, x0]. It follows that there is a point z
′ of B(y1, ε0) ∩
U1 such that f
n(z′) is in (−∞, x0) and |z
′ − z1| < |y1 − z1|. Since f
n is
continuous on U1 it follows that there is y
′′ in U1 such that |y
′′−z1| < |y1−z1|
and fn(y′′) = x0. This is a contradiction with our choice of y. Using the
same method, we can prove for every ε > 0 the set fn(B(y2, ε)) intersects
(x0,+∞). The lemma is proved. 
Lemma 3.6 (Lemma 3.2, [9]). For each interval map f : I → I in A
there is ε > 0 such that the following property holds. Let J0 be an interval
contained in I satisfying |J0| ≤ ε, let n ≥ 1 be an integer, and let J be a
pull-back of J0 by f
n, such that for each j in {1, . . . , n} the pull-back of J0
by f j containing fn−j(J) has length bounded from above by ε. If in addition
the closure of J is contained in the interior of I, then fn(∂J) ⊂ ∂J0.
Lemma 3.7 (Lemma A.2, [13]). Let f : I → I be an interval map in A
that is topologically exact. Then for every κ > 0 there is δ > 0 such that for
every x in I, every integer n ≥ 1, and every pull-back W of B(x, δ) by fn,
we have |W | < κ.
Proof of Proposition 3.1. Let ε > 0 be the constant given by Lemma 3.6
and let δ > 0 be the constant given by Lemma 3.7 for κ = ε. Let X ′ be the
subset of I given by Lemma 3.4, and let X be the complement in X ′ of the
set of periodic points of f . Since ν is ergodic and it is not supported on a
periodic orbit, the set X has full measure for ν. Fix a point x0 of X that is
not an endpoint of I.
In part 1 below we define the IMFS, and in part 2 we show it is free and
that it satisfies (3.1).
1. Let ρx0 , D
′, (nl)
+∞
l=1 , (xl)
+∞
l=1 and (Wl)
+∞
l=1 be given by Lemma 3.4 with x =
x0. Fix ρ in (0,min{δ, ρx0 ,dist(x0, ∂I)}). Taking a subsequence if necessary,
assume (xl)
∞
l=1 converges to a point w0. Since f is topologically exact, there
exist an integer M ≥ 1 and distinct points y0, and y1 of (x0 − ρ, x0) such
that fM(y0) = f
M(y1) = w0. Let ρ
′ > 0 be such that the pull-backs U0
and U1 of B(w0, ρ
′) by fM containing y0 and y1, respectively, are disjoint
and contained in B(x0, ρ). Moreover, by Lemma 3.5 we can choose M , y0,
and y1 so that in addition U0, U1 ⊂ [x0 − ρ, x0], and so that there are
infinitely many l for which xl is contained in f
M(U0) and in f
M(U1).
Using that liml→+∞ |Wl| = 0 and taking a subsequence if necessary, as-
sume that for every l we have nl+1 − nl ≥M , |Wl| < ε, that the point xl is
contained in fM(U0) and in f
M (U1), and that the pull-back Wl of B(x0, ρ)
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by fnl containing xl is contained in B(w0, ρ
′). Interchanging y0 and y1, and
taking a subsequence if necessary, we can also assume that for every l the
point fnl+1−nl−M (xl+1) is not in U0. For each l choose a pull-back W
′
l of Wl
by fM that contains a point x′l of f
−M(xl) and that is contained in U0.
Note that W ′l is contained in U0 ⊂ [x0 − ρ, x0], so the closure of W
′
l is
contained in the interior of I. By Lemma 3.7 and the choice of ρ, we know
that for every i in {0, 1, · · · , n−1} the length of f i(W ′l ) is less than ε. So by
Lemma 3.6 the set fnl+M (∂W ′l ) is contained in ∂B(x0, ρ). Thus, for each l
the set fnl+M (W ′l ) contains either [x0 − ρ, x0] or [x0, x0 + ρ]. Suppose first
there are infinitely many l such that fnl+M (W ′l ) contains [x0−ρ, x0]. Taking
a subsequence if necessary, assume this holds for every l. Then for every l
there is a pull-back W ′′l of [x0− ρ, x0] by f
nl+M that is contained in W ′l and
such that fnl+M (W ′′l ) = [x0 − ρ, x0]. In this case we put
B0 := [x0 − ρ, x0],M
′ :=M, and U ′0 := U0,
and note thatW ′′l ⊂W
′
l ⊂ U
′
0 ⊂ [x0−ρ, x0] = B0. It remains to consider the
case where for each l, outside finitely many exceptions, the set fnl+M (W ′l )
contains [x0, x0 + ρ], but it does not contain [x0 − ρ, x0]. Taking a subse-
quence if necessary, assume this holds for every l. Since f is topologically
exact, by Lemma 3.5 there is an integer M˜ ≥ 1 and a pull-back U ′0 of U0
by f M˜ that is contained in (x0, x0 + ρ), and such that for infinitely many l
the point x′l is contained in f
M˜(U ′0). Taking a subsequence if necessary,
assume that for every l we have nl+1 − nl ≥M + M˜ , and that the point x
′
l
is contained in f M˜(U ′0). Since for each l the point f
nl+1−nl−M(xl+1) is not
in U0, it follows that the point f
nl+1−nl−M−M˜ (xl+1) is not in U
′
0. For each l
choose a pull-back W˜ ′l ofW
′
l by f
M˜ contained in U ′0 and that contains a point
of f−M˜(x′l). By Lemmas 3.6 and 3.7 again, the set f
nl+M+M˜ (∂W˜ ′l ) is con-
tained in ∂B(x0, ρ). Since the set f
nl+M+M˜ (W˜ ′l ) is contained in f
nl+M (W ′l )
and this last set does not contain [x0 − ρ, x0], we conclude that f
nl+M+M˜
maps both endpoints of W˜ ′l to x = x0+ρ. Since by construction f
nl+M+M˜ (W˜ ′l )
contains x = x0, we conclude that f
nl+M+M˜(W˜ ′l ) contains [x0, x0 + ρ]. So
there is a pull-back W ′′l of [x0, x0+ ρ] by f
nl+M+M˜ that is contained in W˜ ′l ,
and such that fnl+M+M˜ (W ′′l ) = [x0, x0 + ρ]. Note that W
′′
l ⊂ W˜
′
l ⊂ U
′
0 ⊂
(x0, x0 + ρ). In this case we put B0 := [x0, x0 + ρ], and M
′ :=M + M˜ .
Now for each integer l ≥ 1 we put
φl :=
(
fnl+M
′
|W ′′
l
)−1
.
Then, (φl)
+∞
l=1 is an IMFS generated by f with time sequence (ml)
+∞
l=0 :=
(nl+M
′)+∞l=0 that is defined on B0. Moreover, for each integer l ≥ 1 we have
nl+1 − nl ≥M
′,W ′′l ⊂ U
′
0, and f
nl+1−nl−M
′
(xl+1) 6∈ U
′
0.
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2. To prove that the IMFS (φl)
+∞
l=1 is free, let k ≥ 1 and k
′ ≥ 1 be integers
and let
l := l1l2 · · · lk and l
′ := l′1l
′
2 · · · l
′
k′
be different words in Σ∗ such that ml = ml′ . Assume without loss of gener-
ality that l′k′ ≥ lk + 1. Note that the set
fml−mlk (φl(x0)) = φlk(x0).
is contained W ′′lk , and therefore in U
′
0. On the other hand, we have
ml′
k′
−mlk = nl′
k′
− nlk ≥ nlk+1 − nlk ≥M
′
and therefore the set
fml−mlk (φl′(x0)) = f
ml′−mlk (φl′(x0)) = f
ml′
k′
−mlk (φl′
k′
(x0))
= f
ml′
k′
−mlk−M
′
((
f
nl′
k′ |Wl′
k′
)−1
(x0)
)
contains the point
f
ml′
k′
−mlk−M
′
(xl′
k′
) = f
nl′
k′
−nlk−M
′
(xl′
k′
) = fnlk+1−nlk−M
′
(xlk+1).
By construction this point is not in U ′0, so we conclude that the sets
fml−mlk (φl(x0)) and f
ml−mlk (φl′(x0))
are different. This implies that the sets φl(x0) and φl′(x0) are different, and
by property (∗) stated above the statement of the proposition, that they are
disjoint. This completes the proof that the IMFS (φl)
∞
l=1 is free.
Finally, let us check inequality (3.1) in the statement of the proposition.
Let C1 := infI ϕ− t supI ln |f
′|. Note that t ≥ 0 and supI ln |f
′| > −∞, then
−C1 < +∞ and infI ψt = infI(ϕ − t ln |f
′|) ≥ C1. Recall that for every
integer l ≥ 1 and y in φl(B0), the point f
M ′(y) is in Wl. Thus, by part 2 of
Lemma 3.4 we have
Sml(ψt)(y) = Snl(ψt)(f
M ′(y))+SM ′(ψt)(y) ≥ nl
∫
I
ψt dν−D
′+SM ′(ψt)(y)
≥ ml
∫
I
ψt dν −D
′ −M ′
∫
I
ψt dν +M
′ inf
I
ψt
≥ ml
∫
ψt dν −
(
D′ +M ′
(∫
I
ψt dν − C1
))
.
This proves (3.1) with D = max{0,D′ +M ′
(∫
I ψt dν − C1
)
} < +∞, and
completes the proof of the proposition. 
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3.2. Proof of the Key Lemma. In this subsection we complete the proof
of the Key Lemma. The case where the measure ν is supported on a peri-
odic orbit is different. The proof of the Key Lemma is completed after the
following lemma. This lemma is an adaptation of [9, Lemma 4.1], and the
proof of the Key Lemma is the same as that of [9, Key Lemma]. We provide
those proofs again for the reader’s convenience.
Recall that for a differentiable map f : I → I, a periodic point p of f of
period n is hyperbolic repelling, if |Dfn(p)| > 1.
Lemma 3.8. Let f be an interval map in A that is topologically exact.
Then for every Ho¨lder continuous function ϕ : I → R and every hyperbolic
repelling periodic point x0 of f of period N , we have
(3.6) lim sup
n→∞
1
n
log
∑
y∈f−n(x0)
exp(Sn(ϕ)(y)) >
1
N
SN (ϕ)(x0).
Proof. The proof is divided into 2 parts. In part 1 we construct an induced
map and in part 2 we show an inequality analogous to (3.6) for the induced
map, from which (3.6) follows as a direct consequence.
1. Since x0 is hyperbolic repelling, there is ρ > 0 such that there is a
local inverse φ of f2N defined on B(x0, ρ) and fixing x0. Reducing ρ if
necessary, assume that the closure of φ(B(x0, ρ)) is contained in B(x0, ρ)
and that there is θ in (0, 1) such that φ contracts distances at least by a
factor of θ. Note that f2N ◦ φ is the identity map on B(x0, ρ), hence φ
is increasing on B(x0, ρ) and f
2N is increasing on φ(B(x0, ρ)). Since f is
topologically exact, by Lemma 3.5 there is an integer k′ ≥ 1 and a point z′
in (x0, x0 + ρ/2) such that f
2Nk′(z′) = x0 and such that for every ε > 0
the set f2Nk
′
(B(z′, ε)) intersects (x0, x0 + ρ/2). Fix ε in (0, |z
′ − x0|) such
that f2Nk
′
(B(z′, ε)) ⊂ (x0, x0 + ρ/2). Note that the closure of B(z
′, ε) is
contained in (x0, x0 + ρ/2).
Let W be the pull-back of f2Nk
′
(B(z′, ε)) ∩ [x0, x0 + ρ/2) by f
2Nk′ con-
taining z′. Since f2Nk
′
, and hence ϕk
′
, is continuous, reducing ε if necessary,
assume that U ′0 := φ
k′
(
f2Nk
′
(W )
)
is disjoint from W . By our choice of φ,
it follows that there is k1 ≥ 0 such that U1 := φ
k1 (W ) ⊂ f2Nk
′
(W ). Put
k0 := k1 + k
′ and U0 := φ
k1(U ′0).
Then we have k0 ≥ 1, U0∩U1 = ∅, and U1 ⊂ f
2Nk′ (W ) . Since φ is increasing
and contracting and since f2Nk
′
(W ) contains x0, the set
U0 = φ
k1(U ′0) = φ
k0
(
f2Nk
′
(
B(z′, ε)
))
is contained in f2Nk
′
(W ). Finally, note that f2Nk0(U1) = f
2Nk′ (W ) =
f2Nk0(U0). Put
U := U0 ∪ U1 and f̂ := f
2Nk0 |U .
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2. Put ϕ̂ := 12Nk0S2Nk0(ϕ), for every integer m ≥ 1 put
Ŝm(ϕ̂) := ϕ̂+ ϕ̂ ◦ f̂ + · · ·+ ϕ̂ ◦ f̂
m−1,
and note that to prove the lemma it suffices to show
(3.7) lim sup
m→∞
1
m
log
∑
y∈f̂−m(x0)
exp(Ŝm(ϕ̂)(y)) > ϕ̂(x0).
This is equivalent to show that that the radius of convergence of the series
Ξ(s) :=
∞∑
m=0
 ∑
z∈f̂−m(x0)
exp
(
Ŝm(ϕ̂)(z)
) sm
is strictly less than exp(−ϕ̂(x0)). To prove this fact, put K̂ :=
⋂∞
i=0 f̂
−i(U)
and observe that x0 is contained in this set. Consider the itinerary map
ι : K̂ → {0, 1}{1,2,...}
defined so that for every i in {1, 2, . . .} the point f̂ i(z) is in Uι(z)i . Since f̂
maps each of the sets U0 and U1 onto f
2Nk′ (W ) and both of U0 and U1 are
contained in this set, for every integer k ≥ 0 and every sequence a0, a1, . . . , ak
of elements of {0, 1} there is a point of f̂−(k+1)(x0) in the set
K̂(a0a1 · · · ak) :=
{
z ∈ K̂ : for every i in {0, 1, · · · , k} we have ι(z)i = ai
}
.
By our choice of φ and U0, there is a constant Ĉ > 0 such that for every
integer k ≥ 1 and every point z in K̂(0 · · · 0︸ ︷︷ ︸
k
), we have
(3.8) Ŝk(ϕ̂)(z) ≥ kϕ̂(x0)− Ĉ.
Taking Ĉ larger if necessary, assume that for every point z in U we have
(3.9) ϕ̂(z) ≥ ϕ̂(x0)− Ĉ.
It follows that for every integer k ≥ 0 and every sequence a0, a1, · · · , ak of
elements of {0, 1} with a0 = 1 and every point x in K̂(a0a1 · · · ak), we have
(3.10) Ŝk+1(ϕ̂)(x) ≥ (k + 1)ϕ̂(x0)− 2(a0 + a1 + · · ·+ ak)Ĉ.
In fact, put ℓ := a0+ · · ·+ak, iℓ+1 := k+1 and let 0 = i1 < i2 < · · · < iℓ ≤ k
be all integers i in {0, 1, · · · , k} such that ai = 1. Then by (3.8) and (3.9)
for every j in {1, · · · , ℓ} we have
Ŝij+1−ij(ϕ̂)(f̂
ij (x)) ≥ (ij+1 − ij)ϕ̂(x0)− 2Ĉ.
Summing over j in {1, 2, · · · , ℓ} we obtain (3.10). Thus, if we put
Φ(s) :=
∞∑
k=1
exp(kϕ̂(x0)− 2Ĉ)s
k,
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then each of the coefficients of
Υ(s) := Φ(s) + Φ(s)2 + · · ·
is less than or equal to the corresponding coefficient of Ξ, and therefore
the radius of convergence of Ξ is less than or equal to that of Υ. Since
clearly Φ(s) → ∞ as s → exp(−ϕ̂(x0))
−, there is s0 in (0, exp(−ϕ̂(x0)))
such that Φ(s0) ≥ 1. It follows that the radius of convergence of Υ, and
hence that of Ξ, is less than or equal to s0 and therefore it is strictly less
than exp(−ϕ̂(x0)). This completes the proof of (3.7) and of the lemma. 
Proof of the Key Lemma. When ν is supported on a periodic orbit, the de-
sired inequality follows from Lemma 3.8.
Now suppose ν is not supported on a periodic orbit. By Proposition 3.1
with t = 0, there is D > 0, a connected and compact subset B0 of I, and
a free IMFS (φk)
∞
k=1 generated by f with time sequence (mk)
∞
k=1 that is
defined on B0, and such that for every k ≥ 1 and every point y in φk(B0)
we have
(3.11) Smk(ϕ)(y) ≥ mk
∫
ϕ dν −D.
Since the IMFS (φk)
∞
k=1 is free, there is a point x0 of B0 such that for every l
and l′ in Σ∗ such thatml = ml′ , the sets φl(x0) and φl′(x0) are disjoint. Note
that for every integer k ≥ 1, every l = l1 · · · lk in Σ
∗, every y0 in φl(x0), and
every j in {1, · · · , k − 1}, the point
yj := f
ml1+ml2+···+mlj (y0)
is in φmlj+1 (B0). Therefore, by (3.11) we have
Sml(ϕ)(y0) = Sml1 (ϕ)(y0) + Sml2 (ϕ)(y1) + · · · + Smlk (ϕ)(yk−1)
≥
k∑
i=1
(
mli
∫
ϕ dν −D
)
= ml
∫
ϕ dν − kD.
This shows that for every l in Σ∗, and every y0 in φl(x0) we have
(3.12) exp(Sml(ϕ)(y0)) ≥ exp
(
ml
∫
ϕ dν
)
exp(−|l|D).
On the other hand, if for every integer n ≥ 1 we put
Ξn :=
⋃
l∈Σ∗,ml=n
φl(x0),
then the radius of convergence of the series
Ξ(s) :=
∞∑
n=1
∑
y∈Ξn
exp(Sn(ϕ)(y))
 sn,
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is given by
R :=
lim sup
n→∞
∑
y∈Ξn
exp(Sn(ϕ)(y))
1/n

−1
,
and satisfies
exp
− lim sup
n→∞
1
n
log
∑
y∈f−n(x0)
exp(Sn(ϕ)(y))
 ≤ R.
Hence, to complete the proof of Key Lemma it suffices to prove R <
exp
(
−
∫
ϕ dν
)
. Put
Φ(s) :=
∞∑
l=1
exp(−D) exp
(
ml
∫
ϕ dν
)
sml .
By inequality (3.12) and the fact that (φk)
∞
k=1 is free, each of the coefficients
of the series
Υ(s) :=
∞∑
i=1
Φ(s)i =
∞∑
n=1
 ∑
l∈Σ∗,ml=n
exp
(
ml
∫
ϕ dν
)
exp(−|l|D)
 sn,
does not exceed the corresponding coefficient of the series Ξ, so the radius
of convergence of Ξ is less than or equal to that of Υ. Since clearly Φ(s)→
∞ as s → exp
(
−
∫
ϕ dν
)−
, there exists s0 in
(
0, exp
(
−
∫
ϕ dν
))
such
that Φ(s0) ≥ 1. This implies that the radius of convergence of Υ, and
hence that of Ξ, is less than or equal to s0, and therefore that R ≤ s0 <
exp
(
−
∫
ϕ dν
)
. This completes the proof of the Key Lemma.

References
[1] V. Baladi, Positive transfer operators and decay of correlations, volume 16 of Ad-
vanced Series in Nonlinear Dynamics, World Scientific Publishing Co. Inc., River
Edge, NJ, 2000.
[2] V. Baladi, G. Keller, Zeta functions and transfer operators for piecewise monotone
transformations, Comm. Math. Phys. 127(1990) 459-477.
[3] R. Bowen, Equilibrium states and the ergodic theory of Anosov diffeomorphisms,
Lecture Notes in Mathematics, Vol. 470. Springer-Verlag, Berlin, 1975.
[4] M. Denker, G. Keller, M. Urban´ski, On the uniqueness of equilibrium states for
piecewise monotone mappings, Studia Math. 97(1990) 27-36.
[5] N. Dobbs, On cusps and flat tops, arXiv:0801.3815v2, 2012.
[6] F. Hofbauer, G. Keller, Ergodic properties of invariant measures for piecewise mono-
tonic transformations, Math. Z. 180(1982) 119-140.
[7] I. Inoquio-Renteria, J. Rivera-Letelier, A characterization of hyperbolic potentials of
rational maps, Bull. Braz. Math. Soc. (N.S.) 43(2012) 99-127.
[8] G. Keller, Generalized bounded variation and applications to piecewise monotonic
transformations, Z. Wahrsch. Verw. Gebiete 69(1985) 461-478.
[9] H. Li, J. Rivera-Letelier, Equilibrium states of weakly hyperbolic one-dimensional
maps for ho¨lder potentials, arXiv:1210.0521v2, 2012.
EQUIVALENT CHARACTERIZATIONS OF HYPERBOLIC POTENTIALS 15
[10] F. Przytycki, J. Rivera-Letelier, S. Smirnov, Equality of pressures for rational func-
tions. Ergodic Theory Dynam. Systems 24(2004) 891-914.
[11] F. Przytycki, M. Urban´ski, Conformal fractals: ergodic theory methods, volume 371
of London Mathematical Society Lecture Note Series, Cambridge University Press,
Cambridge, 2010.
[12] J. Rivera-Letelier, Asymptotic expansion of smooth interval maps,
arXiv:1204.3071v2, 2012.
[13] J. Rivera-Letelier, On the asymptotic expansion of maps with disconnected Julia set,
arXiv:1206.2376v1, 2012.
[14] D. Ruelle, k A measure associated with axiom-A attractors, Amer. J. Math. 98(1976)
619-654.
[15] D. Ruelle, An inequality for the entropy of differentiable maps, Bol. Soc. Brasil. Mat.
9(1978) 83-87.
Huaibin Li, Facultad de Matema´ticas, Pontificia Universidad Cato´lica de
Chile, Avenida Vicun˜a Mackenna 4860, Santiago, Chile
E-mail address: matlihb@gmail.com
